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1. INTRODUCTION 
The purpose of this paper is to characterize the asymptotic behavior of 
the solution of the semilinear heat equation, 
u,-Au=e” in 52 x (0, T) 
u= -K on LX2 x (0, T) (1) 
u(x, 0) = q(x) > -K for XEQ, K>O, 
in a neighborhood of a blow-up point as t approaches the finite blow-up 
time T< co. The system (1) arises in a model for ignition (see [2]). Giga 
and Kohn [7,8,9] recently characterized the asymptotic behavior of the 
solution of 
u,-Au= ItdIP-l# in B x (0, T) 
u=o on LX2 x (0, T) (2) 
4% 0) = cp(x) for XEQ 
near a blow-up point, provided n < 2, or n 2 3 and 1 <p < (n + 2)/(n - 2). 
They proved that 
(T- q%(x, t) + p, as t-+T,j?=l/(p-l), (3) 
uniformly for 1 x - a 1 < C( T- t) “* for some C, where a is any blow-up 
point. 
If n S 2, then (3) is true for any p < co. This fact suggests a similar result 
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for the solution U(X, t) of (l), provided n < 2. Bebernes et al. [l] 
established the following asymptotic behavior for the solution U(X, t) of (l), 
4-T t) -log & + 0, as l+ T, 1x1 ~c(T-r)“~, 
provided Q is a ball, the solution u(x, t) is radially symmetric, and n < 2. 
Their proof is based on O.D.E.3 methods. In this paper, we prove, for a 
general domain R, that the solution u(x, f) of (1) satisfies, about any 
blow-up point a, 
(T-t)e U(“+(T-1)‘/2)..1) -+ 1, as t-T, (4) 
uniformly for y < C, provided Q is convex, Acp + eV > 0, and n < 2. We also 
prove, for any dimension n, the nondegeneracy of any blow-up point; i.e., if 
a is a blow-up point, then 
lim sup sup (T- t) e”(~+(TPf)“2-“~t) >O 
1-T /y/<c 
(5) 
for any C 3 0. Finally, for the Cauchy problem, 
uI--Adu=e” in R” x (0, T) 
4% 0) = dx) for XER”, 
(6) 
we prove that 
the blow-up set of (6) is bounded, (7) 
provided cp satisfies some growth restrictions at co. 
The analogue of (4), (5), and (7) for the system (2) was recently 
established by Giga and Kohn [9]. Our method is based on their general 
ideas, but technically, it is quite different. It should also be pointed that one 
of our assumptions on the initial data is that U, > 0 (i.e., Acp + ev > 0); Giga 
and Kohn [9] do not make this assumption for the system (2). 
2. PRELIMINARIES 
Let 0 be a bounded domain in R” with C2 boundary. Let u be the 
solution of the semilinear heat equation, 
ut-Au=eU in 52 x (0, T) 
a, 0) =4$x) if x~SZ (8) 
u(x, t)= -K if xEaQ,O<t<T, 
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where K is a nonnegative constant. We assume that 
cp E c*m, cp=-K on 122, 
cp>-K in Sz, Ac++eqBO in Q x (0, T); 
(9) 
then, the solution u(x, t) of (8) is a classical solution. Note that by the 
maximum principle, we always have 
u(x, t) 2 -K in 52 x (0, T). (10) 
Also, by applying the maximum principle to U, we get 
U,20 in D x (0, T). 
We shall henceforth assume that the solution u(x, t) cannot be extended 
beyond a finite time t = T; in view of (lo), this is equivalent to the assertion 
that 
sup 24(x, t) + + co, as t-+T. 
TER 
T is called the blow-up time. 
By a blow-up point a, we mean that there exists a sequence {(x,, t,)} 
such that 
x,-a, t, + T, 
u(x,, t,) + + co. 
Introduce the resealed solution 
w,(y,s)=(T-t)e”(“*“, 
x=a+ (T- t)li2y, T-t=ePs, 
where a can be any point in Q. 
If u solves (8), then w, solves 
a 1 IVwa12 
as 
~,-Aw,+~L’~‘w~+-- 
W, 
w;+w,=o 
(11) 
(12) 
in the domain 
W,={(y,s):s>s,,e~“‘*y+aESZ), 
where s0 = -log T. Notice that w,(y, s) is always strictly positive in W,. 
The slice of W, at a given time si will be denoted by Q,(s,), 
QJs,)= W,n {s=s,} =esl/*(Q-a). (13) 
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From now on, when there is no danger of confusion, we suppress the sub- 
script a, writing w for w,, etc. 
In Ref. [6], Friedman and McLeod proved the following (see 
Theorem 3.1 and Theorem 4.3 in [6]). 
LEMMA 2.1. If u is the solution of (8), (9) and Q is convex, then 
4x, t ) < log in Q x (0, t) 
and 
; 1 Vucx, t)l* G emaxx6n 4x. t) in 52 x (0, T) if t is near T. 
An important consequence of (14) and (15) is 
COROLLARY 2.2. Zf w is defined by (1 1 ), then 
O<w(y,s)<C, 
I WY, s)l < c 
W(Y, s) ’ . 
(14) 
(15) 
(16) 
Throughout this paper, we always assume that (9) holds and Q is 
convex; hence (16) is always true. 
Let us rewrite Eq. (14) in the “divergence form” 
IVWI’ pw,-V.(pVw)+p-- pw*+pw=o, 
W 
(17) 
where 
Also introduce the “energy” functional 
4 - I,,, PW 4 + fQ,,, P log w dy. (18) 
LEMMA 2.3. Zf f (s, y): WH R is a smooth function, then 
where n is the exterior unit normal vector to &2(s) and dS is the surface 
area element. 
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ProoJ Since SZ(s)=Q,(s)=es’2(Q-a)= {~:e-“12y~Q--ua), 
d 
z 
n 
=,~~~~f(s,e’i2z)e(n~2)adz+~~~~f,(s,es’2z)e(n;2)sdz 
+;j _ 
(Vf (s, e’j2z) .z) e(” + ‘)“)’ dz 
n a 
n =- 
2 jD,,,f (s, y) dy + h,,,,fXs, y) dy +; jD, s ,Vf (s, y) .y dy 
and the lemma is proved. 
Now we can state an energy estimate which will play a crucial role later 
on. 
LEMMA 2.4. For any a E 52 such that dist(a, X2) > 6, 6 > 0, the resealed 
solution w = w, satisfies 
s p Iw*12 -+y6 -&~(s)+ss(~. for s>O, (19) as) 
where g,(s) is positioe and J; g,(s) ds < + co. 
Proof For simplicity, we assume K= 0; the proof for K> 0 is similar. 
Notice that U, = 0 on XI x (0, T), so that - A,u = 1 on kX2 x (0, T). We 
compute that 
Ay~=(T-t)2eU~V,u~2+(T-t)2euA,u 
=e -2s Iv,u~2-e-2~ on aqs). 
Since IV,u12= )V,w12/(w2(T- t)) and w= T-t =e-’ on %2(s), we have 
A,w=e” IVyw12-eP2’ on af-qs); 
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hence 
IW2 w,=d,w-~y.vw--y+w*-w 
= - ;y.vw-c’ on JQ(s). 
For fixed s, w(y, s) =e-“zconstant on XI(s), so that 
VW=:” on &J(s), (20) 
and thus 
w,= -J-!(y.n)-ep’ on aQ(s). (21) 
Let us multiply (17) by w,/w* and integrate over Q(s) to get 
s 
p Iws12 
G(s) TdY 
= ~~i~~~~-(~~w)d~-~~~~i~~l~w12d~+~~~~~(~-~)~w~d~ 
= 
I 3a”p dS-;~Qc--T JR(s) w* &I 
d ivw~2pdy+~~~~i~(w-logw)pdy 
= ----&~40+j~~~ ,!$!$ds s 
+;s 
lW2 ---@vbd~-~~ (w-log w)(y.n)pds (22) 
an(s) am) 
(Lemma 2.3 was used in the third equality). Substituting (20), (21) into 
(22), we get 
I n(s) 
ypdy= - fB[w,(s);i,s, 121’ypd,S 
- 
f J,,sj~$d~-~/an(,, W”+NvO~d~ 
“-%ECwl(s)-~an,,,~%dS. for ~20, 
since Q is convex and y. n 2 0 on &2(s). 
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It remains to prove that there exists a function g,(s), such that for any 
a E Q, with dist(a, 0) 2 6, 
Notice that y E Q(s) if and only if y = eS’*J for some J E a(52 -a). Since 
dist(a, 8s) 2 6, we have 1 j 1 > 6; therefore, for any y E &J(s), 
p(y)=e-ly’*‘4=exp{ -4e” [jl’} dexp{ -@*e”}. 
On the other hand, by (16), we can obtain 
<C s P ds as) 
<Cexp 
i 1 
-; pes area of an(s) 
=Cexp 
i I 
- t d2es es/* area of ai2 
= cexp { -t6*e’+i} =g,(s). 
From this the conclusion (23) easily follows, and the lemma is proved. 
LEMMA 2.5. For any fixed s, E[w,](s) varies smoothly with aE8. 
The proof is the same as in Giga and Kohn [8]. 
3. AN IDENTITY OF POHOZAEV’S TYPE 
In this section, we consider the stationary equation 
(24) 
and classify the bounded global solutions of (24); this is essential for the 
analysis of the asympototic behavior of U. A basic role will be played by a 
Pohozaev’s type identity. 
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LEMMA 3.1. !f w(y) is a positive global sohtion of (24) with w < C, 
1 
4 R” s 
Proof. Let 
equivalent to 
~vw~2~y12w-2pdy+ 7 s, ,vw12w 
u(y, s)=log w(y, s), then o< C, IVu 
1 VW/W 1 < C, then 
,-‘p dy=O. (25) 
1 <C, and (25) is 
(26) 
It is easy to verify that u solves 
du-+y.Vu+e”- 1 =o, 
or equivalently, 
V.(pVu)+p(e”-l)=O. (27) 
Multiplying (27) by (y -Vu), integrating over R”, and using integration 
by parts, we can establish the identity 
-t j lVu12 ly12p&+ 
R” 
~~~~lVu12~dy+~~R~r’ly12PdL. 
-n 
I 
1 
e”p dy-- 
R” s 2 R” 
uly12pdy+n Rnupdy=O. 
s 
(28) 
In establishing (28) we use the identity 
vu.v(y.vu)=~v.(Ivu12y)+ 
and an integration by parts such as 
j 
BR 
V.(pVu)(yVu)dy=jaB (Vu.n)(y.Vu)pdS-~~~Vu.V(y.Vu)Pd~, 
R 
and note that as R --+ GO, 
Is afJ.4 IVu.n)(yVu)PdSl<I lVu121ylpdS ah 
< CRe - R2/4 -+ 0. 
Other integrals are dealt with similarly. 
505/77/l-8 
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Next we multiply (27) by 1~1’ and 1, respectively, and integrate over R”. 
A similar computation to (28) gives 
and 
I e”p dy - I p dy = 0. R” R” (30) 
Taking the linear combination, 
(28)+(-$)x(29)+nx(30)=0, 
and noting that t JR” I y (* p dy = n JR” p dy, we obtain (26); hence we obtain 
(25) and the lemma is proved. 
When n < 2, (25) shows w is a constant, thus we have proved 
THEOREM 3.2. rf n < 2, then the only bounded positive solution w of (24) 
with I VW I/w < C is the trivial solution w z 1. 
Remark 3.3. Another application of (25) is in proving the nonexistence 
of solutions for the so-called Kassoy problem. In the radial case, this 
problem can be formulated as follows: 
u’(0) = 0, !:I [ 1 +fru’(r)]=O. (31) 
If there is a solution v(r) of (31) for n < 2, then u’ is bounded, indeed, 
u(r) - -2/r. Hence u(r) N -2 log r. Thus v(r) < C. We see that all con- 
ditions in Theorem 3.2 are satisfied; therefore, v z 0. Since v = 0 does not 
satisfy (3 1 ), which is a contradiction, we have proved, 
there does not exist a solution of (31) for n < 2. (32) 
Remark 3.4. (32) was proved in [3] for n = 1 and in [ 1 ] for n = 1,2; 
Friedman et al. [S] gave another proof. Our proof is entirely different. (32) 
is not true if n > 2; see Eberly and Troy [4]. 
4. THE BLOW-UP RATE 
In order to prove (4), we begin with a weaker result. 
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THEOREM 4.1. Zf n < 2, and u is the solution of (8), then for any a E 52 
lim (T- t)e u(o+ (T- t)‘/*y,I) 
t-r (33) 
exists and equals 0 or 1. The limit (33) is independent of y E R” and it is 
taken uniformly on each set ) y 1 < C. 
Remark 4.2. If a is not a blow-up point, then (33) converges to 0. In 
the next section, we shall show that the limit (33) is equal to 1 if a is a 
blow-up point. 
Assertion (33) is equivalent to 
lim w,(y, s)=O or 1 uniformly for 1 y 1 < C. (34) s-co 
To establish the theorem, we need a few lemmas. 
LEMMA 4.3. Let {s,} be an increasing sequence such that sI -+ + co, and 
w( y, s + s]) is uniformly convergent to a limit w,( y, s) in compact sets. Then 
either woo( y, s) E 0 or w,( y, s) > 0 in R”+ ‘. 
Proof: Let v = log w; then from (16) 
or equivalently, 
This implies that 
w(y,, s) < w( y,, s) ec’ylpy*‘. 
w,(y,, s) Q w,(y,, s) eC’y~-y2’ 
(35) 
and the conclusion follows. 
LEMMA 4.4. Let m be any integer and assume in addition to the 
hypothesis in Lemma 4.3 that Vw( y, m + s,) + Vw,( y, m) where sI+ , - sI + 
+ co and w, ( y, s) > 0. Then the limit w, is independent of s; in particular, if 
n<2, then w,= 1. 
ProofI The last statament follows by Theorem 3.2. The proof of this 
lemma is essentially the same as in Giga and Kohn [7], so we only give 
the details where there are technical differences. 
Let B, = { y : I y I <s}. If s is large enough then B, c Q(s). Define 
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Using Lemma 2.3, which is true even if replacing Q(S) by B,, and com- 
putations similar to the proof of Lemma 2.4, we get 
(36) 
where 
G(s)=J‘,, $~pdS-;j;Bs(f~-w+logw)(y.n)pdS. 
s 
Let us estimate G(s). It is easy to see that w Q C, ]Vw 1 < Cw < C, from 
(16). By a similar argument to the proof of Proposition 1, page 301, in 
Giga and Kohn [7], we get 1 dw I< C. Therefore, 
Iw,l= dw-;y.vw-y+w2-w <C(l+]yl). 
Since 24 2 -K in Q x (0, T), we get 
w(y, s)>epApK in W. 
BY (35) 
I log W(Y, s)l6 I loi3 4x s)l + c I Y I 6 C(s + I Y I). 
Using these estimates, we obtain 
and 
II 
log w( y . n) p dS < Cs3e Psz’4. 
a& 
The other terms in G(s) are even easier to estimate, and we conclude that 
1 G(s)1 < Cs3e-S214+cs; 
thus 
[G(s)1 ds< +co. (37) 
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Having established (36) and (37), the rest of the proof is the same as in 
the proof of Proposition 4, page 308, in Giga and Kohn [7]. 
LEMMA 4.5. Zf we define E[O] = - 00, then E[w,] is independent of the 
choice of the sequence { sJ} . 
The proof is the same as in Giga and Kohn [7]. 
Proof of Theorem 4.1. Let {s,} be a sequence tending to co. Since 1 VW 1 
and 1 w,I are bounded in compact subsets, there is a subsequence of 
{ w( y, s + s,)} which converges uniformly in compact sets to some function 
w,(y, s). Since 1 dw 1 is also bounded, without loss of generality we may 
assume that Vw(y, m + s,) -+ Vw,( y, m) a.e. for each integer m and that 
s IfI -S,'cO. 
Lemma 4.3 and Lemma 4.4 assert that w, =0 or 1, and Lemma 4.5 
asserts that w, is unique. This proves (34) and Theorem 4.1 follows. 
5. NONDEGENERACY 
In this section, we prove the nondegeneracy of blow-up points. 
THEOREM 5.1. Zf w,( y, s) -+ 0 as s + co uniformly for I y I < C, where C 
is any positive constant, then a is not a blow-up point. 
Remark 5.2. In Theorem 5.1, we do not need the condition n < 2, but 
we need assumption (9) and the convexity of Q. 
Remark 5.3. In the case n < 2, we can apply Theorem 4.1 and conclude 
that even if we only assume that w,(O, s) -+ 0, it still follows that a is not a 
blow-up point. 
Combining Therem 4.1 and Theorem 5.1, we get 
THEOREM 5.4. Zf a is a blow-up point and n < 2, then 
lim (T- t)e u(a+(T-t)‘/2y,I)= 1 
r-T 
(38) 
uniformly for ) y I < C, for any positive C. 
To prove Theorem 5.1, we need a lemma which is essentially due to Giga 
and Kohn [9]. For the reader’s convenience, we present its proof here. 
LEMMA 5.5. Zf u is a solution of 
u,-du=f(u) in Ql = B, x (T - r2, T), 
I f (UN d K(e” + I), 
(39) 
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where T is the blow-up time, then there exists an E 2 0, depending only on K, 
such that if a is any blow-up point, then 
(T-t)e . SUPQ,4X, ‘12 E (40) 
Proof: For simplicity, we may take a = 0, T= 0. Assume first that r = 1. 
If (40) is not true, then 
eu(x. I) <L 
-t 
in Q,=B,(O)x(-1,O). (41) 
Let x(x) be a cutoff function for B,(O) and set 
ll=llx. 
Then 
Let 
v,-Av=xf(u)-2Vu.V~-uA~ in R”+l. 
g=2Vu.Vx-udx, 
00 = 4% - 1) x(x), 
w, t; r, 7) = 1 
(2Jk)” (t - T)“‘2 
exp {-$$I. 
Then 
Using the relation JR” T(x, t; 5, T) d5 = 1, we get 
II v(t)ll L”(R”) G 11 OO II Lm(R”) + j-1 1 11 Xf 11 Lm(R”) dz 
+ r(x, t; 5, ~1 g dt dz 
Lm(R”) 
=cc,+z,+z,, 
where Co is a constant. By Hypothesis (39) and by (41), 
Z,d ’ I K(e”+ 1) dz -1 
<c+ s * KE - dT - 1 --z 
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Using the inequality JR” IV,T(x, t; <, r)l & < C(t- r)-‘i2 and (41), we get 
I, 6 c. 
Therefore 
II 4t)ll 
If E is such that 6 c KE < 1, then 
in Q,. (42) 
Repeating the above computation, but replacing (41) by (42), we can easily 
get 
II 4t)ll LyR”) G c, for tE(-1,O). 
This is a contradiction to the assumption that a is a blow-up point. 
To prove the lemma for general r, we make the transformation x= ry, 
t = r2s, and o(y, s)= u(x, t). Then u solves v,-- Au =r2f(u)=y(u). Hence 
I f(u)1 < r2K(e” + 1). Applying the previous result to u, we have 
(-S)e 
1 
SUP QIG. 3) > _ E 
‘r2 ) 
or equivalently 
Hence the lemma is true for any r with the same E. 
Proof of Theorem 5.1. We claim that if w,(y, S) -+ 0, as s -+ co, 
Jqw,l(s) + -a, as s+co. (43) 
Indeed, by (16), it is obvious that the first two terms in E[w,](s) are 
uniformly bounded. As to the third term, we can write 
j-,,, P log wu dy = 1 plog wady+j P log wa dy. 
WO ) Q(s)\&-(O) 
On B,(O), w,(y, S) -+ 0 uniformly; hence 
s plogw,dy+ -CO, as s-cc. 4-(O) 
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On the other hand, 
s a\&- phw,dy<Cj pdy<C. fP 
Therefore 
I plogw,dy-+ -00, as s-+co, Q(s) 
and (43) easily follows. 
Let A4 be a large positive constant which will be determined later. By 
(43) there exists an s” such that 
E[w,](?) < -4M. 
By Lemma 2.5, there exists an r. > 0, such that 
E[w,l(:) < - 3M, for Ix--al <ro. 
If dist(a, ZX2) < 6, then a is not a blow-up point (by Friedman and McLeod 
[6]). Thus we may assume dist(a, aa) 2 6. Lemma 2.4 implies (if 
j: I g&N ds<W that 
E[w,l(s) d -2M, for any Jx-a\ <ro,s>/s”. 
Since the first two terms in E[w,](s) are uniformly bounded, we have 
I plogw,dy< -M, 
forany (x-ua(<r,,saS. (44) 
Q(s) 
Next, by (16) 
so that 
log w,(O, 3) - 1% W,(Y, s) G c I Y I 
or 
i,,, p log w,(O, s) 4 i s,, 
s ) dlog WAY, $1 + C I Y I) &. 
Since Q(s) c R”, log w,(O, s) < 0, we get 
C, log w,(O, s) G s p log w, dy + C2. 
Q(s) 
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< C,e-C4M, for Ix---al <r,,s>L (45) 
Let E be the same as in Lemma 5.5, and choose M so large that 
C,eCc4M -c 6. (46) 
If i is such that T- I= e-“, then (45) and (46) imply that 
(T- t) eucr, ‘) < E, for Ix-0/<rr,,2<t<T. 
Applying Lemma 5.5 with a small r, we conclude that a is not a blow-up 
point and the theorem is proved. 
6. THE CAUCHY PROBLEM 
Consider 
u,-Au=e” in R” x (0, T) 
44 0) = cpb) XER”, 
and assume that 
Aq+e‘+‘>e>O 
q(x)> -K 
cp E C23a( R”) 
Let T be a finite blow-up time, i.e., 
sup sup I u(x, S)l < + 00, for any t < T, 
o<sct XER” 
sup sup I u(x, s)l -+ + 00, as t+T. 
(47) 
(48) 
LEMMA 6.1. For the solution u of (47) and (48), we still have the bounds 
(16). 
Proof We shall use the truncation method. Let u, be the solution of 
u, - Au = eU in B,(O) x (0, T) 
4x, 0) = cp(x) if xEB,(O) 
u(x, t)= -K on B,(O) x (0, T). 
120 WENXIONG LIU 
We want to prove that 
24, --t u 
(%A, + ut uniformly on compact subsets of R" x [0, T). (49) 
vu, -+ vu 
Fix N, let x be a cutoff function for B,(O), and let 4 = (px. Set 
QR = B,dO) x (0, T- 61, 
where 6 is fixed and R is any positive number. It is easy to see that 
~PEC**YQ~+~) and 
II @ II C29Q~+2) < c 11 q 11 C2.u(B~+2(0)) G CN < + co. 
By comparison, u, 6 u for any m. Hence u, is uniformly bounded on 
Q N+2. Now we can use local boundary LP-estimates to get 
II urn IIW2S(Q,+l) < c(II cum 11 LP(QN+2) + 11 @ 11 WqQ~+2)) 
dcN,,< +a, 
since u, = 4 on B,(O) x (0) for any m 2 N. Choosing p to be large, we 
conclude by Sobelev’s inequality that u, and hence cum are Holder 
continuous in Q N + , . Therefore, Schauder’s estimates yield 
II urn II C2.u(QN)G C(IIeumIiC=(Q~+,)+ 114 lb+(Q~+,)) 
<c,,< +a. 
Thus there is a subsequence such that (49) holds for some function ii, i.e., 
u,+ii, (&A + fit> etc. 
Noticing that 
I %nb, l)l d 14x, t)l d c, in R"x[O, T-d), 
we get 
16(x, t)l <c,< +oo in R"x[O, T-d). (50) 
Since the bounded solution of the Cauchy problem (47) is unique, we 
conclude that u = ii in R" x (0, T- 6) for any 6 and (49) follows. 
For each u,, we can apply Lemma 2.1. After taking the limit, we obtain 
the same bounds (16) for the solution u(x, t) of (47), (48), and the lemma 
is proved. 
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Now we can make the transformation (11) and obtain for w, the 
equation (12) in R” x (so, + co), where s,, = -log T. Using Lemma 6.1, we 
can proceed as before to extend the results of section 5 to the Cauchy 
problem; hence 
THEOREM 6.2. The conclusions of Theorem 5.1 and Theorem 5.4 are true 
for the solution u(x, t) of(47), (48). 
Our next aim is to prove the boundeness of a blow-up set. For this 
purpose, we assume in adddition to (48) that 
lim sup q(x) = -K, as lxl++co. (51) 
JVIPI<N(N>O) 
THEOREM 6.3. There exists a constant C, depending only on E, such that 
if K-N> C, then the blow-up set of the solution u(x, t) of (47), (48) is 
bounded. 
Proof: Without loss of generality, we may take T = 1. From (5 1) we get 
IV,W(Y> SON’ 
W(Y> soJ2 
= IV,cpl <N. (52) 
If Ial is large enough, then 
+ 5, P 1s WAY, so) 4 
<CN+ J cp(x) P(X - a) dx (by (52)) R” 
<CN+l-K J p(x -a) dx B,Q(a) 
< CN+ 1- C,K, (53) 
where R = R(K) is such that j R”\BR(o) (p(x) p(x - a) dx < 1. From the proof 
of Theorem 5.1, we know that there is an M> 0 such that, if 
E[w,](sO) < -M, then a is not a blow-up point. Combining this fact with 
(53), the theorem follows. 
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